Abstract. Given parameters k, ℓ, and d, we give new lower bounds on the dimensions N such that there are maps R d → R N that are k-regular, ℓ-skew embedding, or k-regular-ℓ-skew embedding. This extends and sharpens results due to Chisholm (1979) and Ghomi & Tabachnikov (2008) .
Introduction and statement of the main results
A k-regular embedding X → R N maps any k pairwise distinct points in a topological space X to k linearly independent vectors. The study of the existence of k-regular maps was initiated by Borsuk [7] in 1957 and latter attracted additional attention due to its connection with approximation theory. The problem was extensively studied by Chisholm [8] , Cohen & Handel [9] , Handel [13] , and Handel & Segal [15] in the 1970's and 1980's. In the 1990's the study of k-regular maps, and in particular the related notion of k-neighbourly submanifolds, was continued by Handel [14] and Vassiliev [24] . The most complete result from that time, which gives a lower bound for the existence of k-regular maps between Euclidean spaces, is the following result of Chisholm [8 
, Theorem 2]:
For d a power of 2, k ≥ 1, there is no k-regular map R d → R d(k−α(k))+α(k)−1 , where α(k) denotes the number of ones in the dyadic expansion of k. This result was only recently extended by Karasev [19, Corollary 9 .4 and 9.6] beyond the case when d is a power of 2.
The framework of Cohen & Handel [9] relates the existence of a k-regular map to the existence of a specific inverse of an appropriate vector bundle. Using StiefelWhitney classes, combined with a key observation by Hung [18] , we here get an extension of the Chisholm result with explicit lower bounds for all values of d; it will appear below as Theorem 2.1:
For any d ≥ 1 and k ≥ 1 there is no k-regular map R d → R d(k−α(k))+α(k)−1 . This reproduces Chisholm's bound for the case of d being a power of 2, while for other values of d our bounds are in general better than Karasev's. In particular, our lower bound will turn out to be tight for k = 3. We mention without giving details that our methods can also be used to get rid of the assumption that k is a power of 2 in the theorem of Vassiliev appearing in [25, Theorem 1] .
A smooth embedding M → R N of a manifold M is an ℓ-skew embedding if for any ℓ pairwise distinct points on M the corresponding tangent spaces of the image in R N are skew. The notion of ℓ-skew embeddings is a natural extension of the notion of totally skew embeddings (2-skew embeddings) as introduced and studied in 2008 by Ghomi & Tabachnikov [12] . The existence of 2-skew embeddings was studied in a number of concrete examples by Baralić et al. [2] . Following the same pattern as in the case of the k-regular maps, we get a new lower bound for the existence of ℓ-skew embeddings that will appear later as Theorem 3.1: For d ≥ 1 and ℓ ≥ 1 there is no ℓ-skew embedding R d → R The concept of k-regular-ℓ-skew embeddings combines the notions of k-regular maps and ℓ-skew embeddings. It was introduced and studied in 2006 by Stojanović [23] . Based on our results for k-regular and ℓ-skew embeddings, we derive a new lower bound for the existence of k-regular-ℓ-skew embeddings between Euclidean spaces that considerably improves other known lower bounds and appears as Theorem 4.1:
For any k, ℓ, d ≥ 2 there is no k-regular-ℓ-skew embedding
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k-regular maps
In this section we will define and then study k-regular maps, review relevant known results and eventually prove the following extension of the result by Chisholm [8, Theorem 2] .
where α(k) denotes the number of ones in the dyadic expansion of k.
This result is easily seen to be true and tight for the cases d = 1, k = 1, and k = 2. As we will see it also gives the complete answer in the case of 3-regular maps.
In the case d = 2 of k-regular maps from the plane we get the following complete answer in the case when k is power of 2. 2.1. Definition and first bounds. All topological spaces we consider are Hausdorff spaces and all maps are continuous. The configuration space of n ordered pairwise distinct points in the topological space X is the subspace of X k defined by
The symmetric group S k acts freely on the configuration space by permuting the points.
Definition 2.4 (Regular maps). Let X be a topological space, k ≥ 1 be an integer, and f : X → R N be a continuous map. Then we say that the map f is (1) k-regular map if for every (x 1 , . . . , x k ) ∈ F (X, k) the vectors f (x 1 ), . . . , f (x n ) are linearly independent, and (2) affinely k-regular map if for every (x 0 , . . . , x k ) ∈ F (X, k + 1) the points f (x 0 ), . . . , f (x n ) are affinely independent.
Obviously, each k-regular map is also an affinely (k − 1)-regular map. Moreover the following lemma is a direct consequence of the definition.
Lemma 2.5. The map f : X → R N is affinely (k − 1)-regular if and only if the map g :
Example 2.6.
. . , z k−1 ) are k-regular maps due to the nonvanishing of the Vandermonde determinant at every point of F (R, k) and F (C, k); (2) The standard embedding i : S n → R n+1 is affinely 2-regular. Indeed, no affine line in R n+1 intersects the sphere S n := i(S n ) = {x ∈ R n+1 : x = 1} in more than two points. Thus, for every (x 1 , x 2 , x 3 ) ∈ F (S n , 3) the set of points {i(x 1 ), i(x 2 ), i(x 3 )} cannot be on a single line, i.e., it is affinely independent; (3) If X embeds into S n , then there exists a 3-regular map X → R n+2 , [15, Theorem 2.3]. Indeed, by the previous example there exists an affinely 2-regular map i : S n → R n+1 . Then by Lemma 2.5 the map j : S n → R × R n+1 given by j(x) = (1, i(x)) is a 3-regular map. In particular, there exists a 3-regular map
Notation 2.7. In the sequel we often abbreviate a tuple (x 1 , x 2 , . . . ., x k ) by x, and analogously for y and λ.
The first necessary condition for the existence of k-regular maps between Euclidean spaces was given by Boltjanskiȋ, Ryškov &Šaškin in [6] .
Theorem 2.8 (Boltjanskiȋ, Ryškov,Šaškin, 1963) . If there exists a 2k-regular map f :
Then the map g is an injective map. Indeed, let us assume that g(x, λ) = g(y, µ), or, equivalently, that
This linear combination can be rewritten in the form:
where Z is the union of {x 1 , x 2 , . . . , x k } and {y 1 , y 2 , . . . ,
Since card(Z) ≤ 2k, the 2k-regularity of f implies that γ z = 0 for all z ∈ Z. Consequently, (x, λ) = (y, µ) and hence g is injective. This implies the following inequality between dimensions
2.2.
A topological criterion. In order to obtain better bounds we apply more elaborate tools. First we introduce the Stiefel manifold of k-frames in a Euclidean space.
Definition 2.9 (Stiefel manifold). Let 1 ≤ k ≤ N be integers. The Stiefel manifold V k (R N ) of all ordered k-frames is a subset of the product (R N ) k given by
. . , y k are linearly independent}, and equipped with the subspace topology.
The symmetric group S k acts freely on the Stiefel manifold by permuting the vectors in the frame, that is, the columns of the matrix (y 1 , . . . , y k ) ∈ (R N ×k ).
With this we can formulate the following elementary but essential lemma. It is a direct consequence of the definition of a k-regular map.
Now we are in the realm of equivariant topology and study the existence of an
For that purpose we use the following equivalent problem provided by Cohen & Handel in 1978. Consider the Euclidean space R k as a S k -representation with the action given by coordinate permutation. Then the subspace W k = {(a 1 , . . . , a k ) :
Let us introduce the following vector bundles over the unordered configuration space
where the last bundle is a trivial line bundle. There is an obvious decomposition:
Lemma 2.11 (Cohen & Handel, [9] ).
Proof. (⇐=): Let η be an (N − k)-dimensional inverse of ξ X,k . Then the composition f of the inclusion (of total spaces) of vector bundles followed by the projection to the fiber (of a trivial vector bundle):
when restricted on each fiber is a linear monomorphism. Using the map f we define the required S k -equivariant map
where {e 1 , . . . , e k } denotes the standard basis of
It is a linear monomorphism on each fiber of the vector bundle
Thus h ′ induces a fiberwise injective map h : ν → θ, where θ is the trivial bundle over V k (R N )/S k with the fiber R N . The maps g and h induce the following composition of morphisms of vector bundles:
Since the morphism induced by h is a linear monomorphism on each fiber, we get that coker h : ν → θ is a vector bundle, [17, Corollary 8.3, page 36] . Thus, the pullback bundle bundle
Now we formulate an immediate consequence of Lemmas 2.10 and 2.11 that gives us a direct criterion for the non-existence of a k-regular map.
Lemma 2.12.
Now, according to Lemma 2.12 (3) we see that Theorem 2.1 is the consequence of the following result. Theorem 2.13. Let k, d ≥ 1 be integers. Then the dual Stiefel-Whitney class
2.3. Proof of Theorem 2.13. Theorem 2.13 will be proved in two steps, first when k is a power of 2 (Lemma 2.14) and then for all k ≥ 1 (Lemma 2.16). We start with the following extension of [8, Lemma 3] and [9, Lemma 3.2]. All our cohomology groups are understood to be with F 2 coefficients. Lemma 2.14. Let d ≥ 1 be an integer, and k = 2 m for some m ≥ 1. Then the dual Stiefel-Whitney class
m be the subgroup of S k given by the regular embedding (reg) :
and there are specific elements 
Step 2. Let η k be the vector bundle given by the Borel construction for the permutation action of the symmetric group S k on R k :
When k = 2 m is a power of 2, we conclude from [20, Lemma 3.26 in Chapter 3.E on page 59]
∈ ker(res
Now consider the bundle ξ R d ,k and the classifying map
Thus the Stiefel-Whitney classes of the bundle ξ R d ,k are given by:
Here are three additional known facts on Stiefel-Whitney classes of the bundles ξ R d ,k and η k that we will use:
• From [3, Lemma 8.14] we have that
or in another words, since w
• Moreover, as in [5, Corollary 4.4], specializing to F 2 coefficients we have
and 
Now, we directly conclude from (4) and (5):
Thus, for all j 1 , . . . , j k−2 ≥ 0, such that
or, equivalently, in the notation of the Fadell-Husseini index [11] :
Step 3. Now we prove that for all j 1 , . . . , j k−2 ≥ 0 and 1
or equivalently
In order to prove the equivalent equations (8) and (9) we need the following claim which we will show next. Claim. Let n ≥ 2 and k = 2 m . Then
The claim is a consequence of the general Borsuk-Ulam-Bourgin-Yang theorem [3, Section 6.1], applied to
Thus by general Borsuk-Ulam-Bourgin-Yang theorem we get:
where e(ν k ) is the Euler class, with F 2 -coefficients, of the vector bundle ν k :
(See [4, Proof of Proposition 3.11, page 1338].) In this case, due to F 2 coefficients,
The inverse image φ −1 (Z) is the set of points (x 1 , . . . , x k ) ∈ F (R n+1 , k) in the configuration space such that all first coordinates of the points x 1 , . . . , x k are equal. Thus we can identify φ
. Taking all the facts into account we get that:
This finishes the proof of the claim above. Let us assume that j 1 , . . . , j k−2 ≥ 0 and 1
Now validity of the equivalent equations (8) and (9) follows from the claim.
Step 4. Finally, the dual Stiefel-Whitney class
The multinomial theorem implies the following presentation:
stands for the multinomial coefficient
The result of Chisholm [8] was based on the fact (2) and the property that all multinomial coefficients
vanish in the case when d is power of two, 0 ≤ j k−1 ≤ d − 2 and j 1 , . . . , j k−2 ≥ 0 with
In the case of general d (but still for k = 2 m ) we also use the fact (2), but instead of multinomial coefficients we consider the monomials in Stiefel-Whitney classes
According to (6) and (8) all these monomials vanish. Therefore,
which does not vanish, by (2) . This finishes the proof of Lemma 2.14.
For later purposes we prove Then, assuming the notation of Lemma 2.14, with
for some λ 1 , . . . , λ t ∈ F 2 if and only if there exists a (unique) r 0 ∈ {1, 2, . . . , t} such that
• λ r = 0 if and only if r = r 0 , and
Proof. Multiplying the equation (10) with w
The equation (2) implies that the right hand side of the equation does not vanish. We conclude from equations (6) and (8) In order to complete the proof of Theorem 2.1 we extend Lemma 2.14 to all k ≥ 1 and prove the final Lemma 2.16. Let d, k ≥ 1 be integers. Then the dual Stiefel-Whitney class
Proof. Let a := α(k) and k = 2 r1 + · · · + 2 ra where 0 ≤ r 1 < r 2 < · · · < r a . We define a morphism of fiber bundles a t=1 ξ R d ,2 r t and ξ R d ,k such that the following commutative square is a pullback diagram:
Choose embeddings e i :
The map Θ is given by
Thus, the pull back bundle is a direct product bundle
Now the naturality property of the Stiefel-Whitney classes [21, Axiom 2, page 37] implies that in cohomology we get
The product formula [21, Problem 4-A, page 54] gives us the following equality of total dual Stiefel-Whitney classes
Since each term w s1 (ξ R d ,2 r 1 ) × · · · × w sa (ξ R d ,2 ra ) of the previous sum belongs to a different direct summand of the cohomology, when the Künneth formula is applied,
we get the following criterion
Now by Lemma 2.14 we have that w (d−1)(2 r t −1) (ξ R d ,2 r t ) = 0, and therefore
ξ R d ,2 r t ) = 0 and consequently 
Now, from Lemma 2.12 (3) and Lemma 2.16, we conclude that there can not be any k-regular map
This finishes the proof of Theorem 2.1. Finally, when Theorem 2.1 is combined with Example 2.6 (3) it implies Corollary 2.2, and when Example 2.6 (1) is used, we get Corollary 2.3.
ℓ-skew embeddings
In this section we will first define ℓ-skew embeddings, which were previously considered for ℓ = 2 by Ghomi & Tabachnikov [12] , and in even greater generality by Stojanović [23] . We then prove the following Chisholm-like theorem for ℓ-skew embeddings.
where α(ℓ) denotes the number of ones in the dyadic expansion of l and γ(d) = ⌊log 2 d⌋ + 1.
In the notation of the paper by Stojanović [23] the claim of Theorem 3.1 can be stated as the following lower bound
where M is any d-manifold. This bound, as illustrated in the table below, is a considerable improvement of the bound [12] , becomes
This bound was not explicitly given in [ 
Here df : T M → T R N denotes the differential map between tangent vector bundles induced by f , and
sends a tangent vector v ∈ T x R n for x ∈ R n to x + v where we use the standard identification T x R n = R n . Now, directly from the definition we get the following lower bound for the existence of an ℓ-skew embedding. Proof. Since f is an ℓ-skew embedding, then for any (y 1 , . . . , y ℓ ) ∈ F (M, ℓ) the following inequality has to hold
3.2.
A topological criterion. Now similarly to the case of k-regular maps, we derive a topological criterion for the existence of an ℓ-skew embedding. Let M be a smooth d-dimensional manifold, T M be its tangent bundle, and ℓ ≥ 1 be an integer. The tangent manifold T F (M, ℓ) over the configuration space F (M, ℓ) ⊆ M ℓ is the restriction of the direct sum of the pull-back bundles
, where π i : M ℓ → M denotes the projection on the ith coordinate. The symmetric group S ℓ acts naturally on the configuration space F (M, ℓ) and consequently on the tangent bundle T F (M, ℓ). Since the action is free the quotient space T F (M, ℓ)/S ℓ can be identified with the tangent bundle of the unordered configuration space
The first ingredient of our topological criterion is the existence of the following fiberwise linear monomorphism. Now assume that f : M → R N is an ℓ-skew embedding. Next we define a morphism of vector bundles covering the identity on the base space
is given by the formula
where
Since f is an ℓ-skew embedding, this ω is a linear monomorphism on each fiber. Hence the bundle
As a direct consequence of the Lemma 3.4, we get the following criterion for the non-existence of an ℓ-skew embedding M → R N .
Lemma 3.5. Let d, ℓ ≥ 1 be integers and let M be a smooth d-dimensional manifold. If the dual Stiefel-Whitney class
does not vanish, then there is no ℓ-skew embedding M → R N .
In the case when M is the Euclidean space R d the relation (13) implies the following criterion. Lemma 3.6. Let d, ℓ ≥ 1 be integers. Suppose that the dual Stiefel-Whitney class
Thus Theorem 3.1 is a consequence of Lemma 3.6 and the following Theorem 3.7
Theorem 3.7. Let d, ℓ ≥ 1 be integers. Then the dual Stiefel-Whitney class 
by Lemma 2.16.
3.3.2.
The special case d ≥ 2 and ℓ = 2. In this case the base space of the bundle
is homotopy equivalent to a projective space,
Since 2 γ(d) is a power of two and 2 γ(d) ≥ d we have that
and therefore 
Let γ(d, ℓ) := ⌊log 2 (d − 1) + log 2 (ℓ − 1)⌋ + 1 be the smallest power of 2 that exceeds (d − 1)(ℓ − 1). Thus,
component of this total dual Stiefel-Whitney class can be expressed in the following way:
For the choice of indices
where Rest does not contain any monomial in Stiefel-Whitney classes of the form w
. Since by Lucas' theorem from 1878
and Rest has only monomials in Stiefel-Whitney classes different from w
, then Corollary 2.15 implies that
This concludes the proof of this case.
3.3.4. The general case, d ≥ 2 and ℓ ≥ 2. In the final step we use the proof of Lemma 2.16 combined with the result of the previous special case 3.3.3.
Let a := α(ℓ) and ℓ = 2 r1 + · · · + 2 ra where 0 ≤ r 1 < r 2 < · · · < r a . The isomorphism of vector bundles (11)
Consequently,
In order to simplify the formulas that follow we denote by:
, and
for all 1 ≤ i ≤ a. Now similarly to the proof of Lemma 2.16, using the presentation (14), we get
Like in the proof of Lemma 2.16, each term in the previous sum belongs to a different direct summand of the cohomology
From the previous special case 3.3.3 we have that
and consequently θ * w σ ((d + 1) ξ R d ,ℓ ) = 0, implying that
This completes the proof of Theorem 3.7.
k-regular-ℓ-skew embeddings
The notion of k-regular-ℓ-skew embedding combines the notions of affinely kregular map and ℓ-skew embedding. It was introduced by Stojanović in [23] and originally called (k, ℓ)-regular maps. In this section we will define k-regular-ℓ-skew embeddings, derive some properties, and finally prove the following common generalization of our Theorems 2.1 and 3.1.
where α(c) denotes the number of ones in the dyadic expansion of c, and γ(d) := ⌊log 2 d⌋ + 1.
Using the notation of [23] the previous theorem can be stated as
where M denotes any smooth d-manifold. It is an exercise to verify that the new bound presents a considerable improvement of the previously known bounds [23, Theorem 3.1].
Definition and first bounds.
Here is the common generalization of "kregular maps" and "ℓ-skew embeddings". 
of R N are affinely independent, where ι has been defined in (12) .
For ℓ = 0, the notion of the k-regular-ℓ-skew embedding coincides with the notion of affinely (k − 1)-regular map. On the other hand, for k = 0 we get the notion of ℓ-skew embedding.
The following lower bound for k-regular-ℓ-skew embeddings was obtained by Stojanović [23, Theorem 3.1] as a direct consequence of Theorem 2.8 due to Boltjanskiȋ, Ryškov,Šaškin. 
Proof. Consider (y 1 , . . . , y ℓ ) ∈ F (M, ℓ). Let U be the affine span of (ι•df y1 )(
Denote, as before, by a : R N → R N +1 the embedding sending  (t 1 , . . . , t N ) to (t 1 , . . . , t N , 1) . The linear span of the affine subspace a(U ) in R N +1 will be denoted by V .
Then the map
induced by the restriction of a•f and the projection R N +1 → R N +1 /V is a k-regular map. Thus by Theorem 2.1 we get that
4.2. A topological criterion. As in the previous two sections, we derive a topological criterion for the existence of a k-regular-ℓ-skew embedding. Again, M denotes a smooth d-dimensional manifold and T M the tangent bundle over M . Let us also assume that k, ℓ ≥ 1, since the cases when k = 0 or ℓ = 0 are already discussed.
In this section we consider two configuration spaces F (M, k + ℓ) and F (M, ℓ) with actions of, respectively, S k × S ℓ and S ℓ on them. Let
be the projection given by forgetting the first k elements in F (M, k + ℓ).
The group S k × S ℓ can naturally be seen as a subgroup of the symmetric group S k+ℓ that acts on R k+ℓ by permuting coordinates. The inclusion S k × S ℓ ⊂ S k+ℓ induces an action of S k × S ℓ on R k+ℓ . A new fiber bundle we consider is the vector bundle γ M,k,ℓ given by
If we denote by
the quotient map, then it is not hard to see that
As before, the first step in obtaining our topological criterion is the existence of a fiberwise linear monomorphism.
Proof. As in the proof of Lemma 3.4 let a :
N be a k-regular-ℓ-skew embedding. Next we will construct a morphism of vector bundles
that is a monomorphism on the fibers. Consider z ∈ F (M, k + ℓ). Let x ∈ F (M ; k) and y ∈ F (M, ℓ) respectively be the elements obtained from z by ignoring the last ℓ coordinates and the first k coordinates respectively. Let q k+ℓ : F (M, k + ℓ) → F (M, k + ℓ)/(S k × S ℓ ) and q ℓ : F (M, ℓ) → F (M, ℓ)/S ℓ be the projections. An element (v, w) in the fiber of p * T (F (M, ℓ)/S ℓ ) ⊕ γ M,k,ℓ over q k,ℓ (z) is given by elements v ∈ T q ℓ (y) (F (M, ℓ)/S ℓ ) and w ∈ (γ M,k,ℓ ) q k,ℓ (z) . The vector v is specified by a sequence of vectors v i ∈ T yi M for i = 1, 2, . . . , ℓ and w by an element λ ∈ R k+ℓ . Consider the element in R N +1 given by
It defines an element in the fiber over q k,ℓ (z) of the trivial vector bundle bundle F (M, k + ℓ)/(S k × S ℓ ) × R N +1 → F (M, k + ℓ)/(S k × S ℓ ) which we declare to be the image of (v, w) under α. One easily checks that α is a well-defined morphism of vector bundles which is injective on each fiber. Thus the bundle p * T (F (M, ℓ)/S ℓ )⊕ γ M,k,ℓ admits the required inverse.
A direct consequence of Lemma 4.5 is the following criterion for the non-existence of a k-regular-ℓ-skew embedding expressed in terms of a dual Stiefel-Whitney class of the vector bundle p * T (F (M, ℓ)/S ℓ ) ⊕ γ M,k,ℓ over F (R d , k + ℓ)/(S k × S ℓ ). does not vanish, then there is no k-regular-ℓ-skew embedding M → R r+ℓ(d+1)−1 .
4.3.
Proof of Theorem 4.1. For the rest of this section assume that M = R d . Consider two embeddings e 1 , e 2 : R d → R d whose images are disjoint. They induce in the obvious way a map
One easily checks
Lemma 4.7. Let ℓ, k, d ≥ 2 be integers. There exist isomorphisms of vector bundles over
Proof. The first isomorphism follows from (15) , while the second isomorphism is a direct consequence of the isomorphism (13). 
